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Abstract. In this paper, we introduce a new definition of paracompactness in bitopo-
logical spaces, we give a equivalent statements for this notation. Finally a product
theorem is given.
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1. Introduction

In 1963, Kelly [4] introduced the concept of bitopological space. A set X with
two topologies 71,72 is a bitopological space, and denoted by X = (X, 71, 72).
A cover U of a bitopological space X = (X, 1y, 72) is called 7172— open cover
(family) [4], if 4 C 7 U o, and it is called p— open cover (family) [4],if it
is T179— open cover and contains at least one nonempty member of 7 and one
nonempty member of 7. A space X = (X, 71, 72) is called s —[a, b] — (p—[a, b]—)
compact space [1], if every 7179 — (p—) open cover of X with cardinality < b has
a subcover with cardinality < a.

For a 7179— open covers U, V in a bitopological space X = (X, 7, m2), U is
called a parallel refinement of V [2], if for each U € U N 7; is contained in some
Vevnrfori=1,2.

In this paper the letters a, b are infinite regular cardinals, wg, w1 stands for the
cardinality of N, R, respectively. If X = (X, 7, 72) is a bitopological space and
AC X, int.(A), A" denote the interior and the closure of A in 7;, respectively
for i = 1,2. When X = (X, 71, 72) has a topological property @ this means that
both 71 and 79 have this property. For the concepts not defined here, see [3] and

[5].
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2. Preliminaries

Definition 2.1. A family A of subsets of a bitopological space X = (X, 11, 72)
is called p- locally-a family, if for all z € X there exists a 71— open set U
containing x such that U meets less than ¢ members of AN 7 or there exists a
79— open set V containing x such that V' meets less than ¢ members of AN 7.

Definition 2.2. A space X = (X, 71, 72) is called p — [a,b]— paracompact if
every p— open cover of X with cardinality < b has a p— locally—a p— open
parallel refinement.

Theorem 2.3. Let X = (X, 71,72) be a bitopological spaces. Then X is p —
[a,b]— paracompact if and only if each Tj— open cover of a T,— proper closed
subset of X with cardinality < b has 7;,— locally —a  7j— open parallel refinement

fori# jii,j=1,2.

Proof. (=) Let F be a 7;—closed proper subset of X. Let U = {U,|a € A}
be a 7j—open cover of F' with |A| <b. Now {U,|ao € A} U{X — F} is p—open
cover of X, but X is p — [a, b]—paracompact, so there exists a p—open parallel
refinement

V= {Vala € A* C A} J{W, |y e T}

Now {Vi|a € A* C A} is a 7;—locally—a 7;— open refinement, for i # j;i,j =
1,2.

(<) Let U = {Wala € A} U{V,|y € T'} be a p—open cover of X with
IAUT| < b where W, € 7; for all « € A and V, € 7; for all v € I, for
1 # j;4,7 = 1,2. So we have the following cases:

Case (i) If ,cp V4 = X, then take ap € A such that Wy, # ¢. Consider
the set F' = X —W,,, then F' is a proper 7;— closed subset of X and {V,|y € I'}
is a 7j— open cover of F' with |A| < b, then F has a 7j— open 7;- locally a—
refinement

V' = [Vi|\ € A}

Finally the family
U=V U{W,}

is the required p— locally —a p— open parallel refinement.
Case (ii) If U, cp Vo # X, then
EBEi=X-JW
vyel
is a 7;— closed subset of X, and
B C | W
a€cA

so {Wy|a € A} has 7,— open 7;— locally —a parallel refinement

W* = {W}|x € A},
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if Uyen WY = X, we are done. if not let

By=X -] Wy,
AEA

then E» is 7;— closed and hence there exists a 7;— open 7;— locally —a refinement
V* ={V]|w € Q}.

Finally the family
U*=vumw-

is p- locally —a p— open parallel refinement, hence the result.
O

Theorem 2.4. Every p — [wp, o0]— paracompact p — To— bitopological space
X = (X, 7’1,7'2) 18 pP— T4.

Proof. Let E and F be disjoint closed sets such that E is a 7o—closed and F is
a 71— closed . Let e € E, since X is p — Th— space, for each f € F there exists
a 71— open set Uy and a 72— open set V; such that e € Uy and f € Vy with
UrnVy = 0.
Let
V= {(vjlf € FYUIX - F),

then V is a p— open cover of X, and hence there exists a p— locally —wg p—
open parallel refinement V* such that if V€ V* and V N F # ¢, so we have
V € 15. Now let

Vo= J{VIVev: and VNF+#¢},

then V. is 70— open and F C V.. Let U be a 71— open set containing e
that intersects < wp of V* say Vi,Va,...,V,, and Vi, C V.1 < k < n. Let
U=UnUyNUsN...NUy,. Now e € Ue and F' C V., with U. NV, = ¢, hence
Xisp—15.
Now let
U={Uee EF}U{X — E},

then U is a p— open cover of X, so there exists a p— locally —wy p—open parallel
refinement U*, notice that if U* € U* and U* N E # ¢, then U* € 71. Let

W= J{U"|U* eu* and U*NE # ¢},

then W is a 71— open and E C W, now for each f € F there exists o— open
set U]’? that intersects < wg of U* say Uy,Us,..., Uy, . Now let U., € U* with
U € U, for s =1,2,...,m and let Uy = U}‘ NVerNVesN...N Ve, let
V=U{Us|f € F}. Then V €15, FCV and WNF = ¢, hence X is p — T} .
O
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3. p— [wo,w1]-paracompact space

Definition 3.1. A family A of subsets of a bitopological space X = (X, 11, 72)
is called p—point—a family if for all x € X, x meets < a of AN, i=1 or 2.

Lemma 3.2. If X = (X, 71,72) is normal, p— normal space, then for each
p—open p—point—wy cover G with |G| < wi has a parallel refinement V such that
Vi UWL” C G where Vi,W, € VN 1; for some G € GNTii # j:i,5 =1,2.

Proof. Let G = {Gi|k € A,|A| < w1} be a p—open p—point—wy of X, write
A={1,2,...}.
Let
F%ZZ)(—-LJ(G%(W%),
k>1

and '
Fl =X - J(Gpnry),
k>1

then Ff is a 7;— closed and Ff is a 7j—closed for i # j;i,5 = 1,2. Now let

Fy=FUF,
then

FICh CGy
and ,

F] CF CGi.

Without loss of generality assume that G is a 7;—open, since X is normal and
by [6], there exists 7;—open sets Vi, W7 such that

FcvicVi cG

and

J PRP—

Fy cWp Wy € G,
SO -

FlQVfZUWfJQGl, for i # j;i,5 =1,2.
Let
Vi=Vuw{

and

Féz:X—(UVﬁ)U(U(vaTi))’

B<a T>a

Fl=X— (| int; (V) u (|J(Gynm).i #3i,5 = 1,2,

B<a Y>a
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and F, = FLU FI. Again without loss of generality assume G, is a 7;—open, so
FLUF) C Gq

and hence there exists 7;— open sets V!, W such that

FLCViCVI" C G,

FJC W, C Wi’ C G,
and

F, CVI"UWL’ CGa,i# g3, =1,2.

Let Vo, = VEU W/l then V = {V,]a € A} is a p—open p—point—wy parallel
refinement of X. For instance, let x € X x meets < wg of GN7; for i = 1,2 say
GQI,GQQ,...,GQH, let @ = max{ai,as,...,an}. Now x ¢ G, for any v > «

and if x ¢ Vg for any 8 < a,Vg € 7, x € Fy C V,, hence € Vj for some
8 < «, therefore V is a p—point—wy parallel refinement of X. O

Theorem 3.3. For a normal, p—normal bitopological space X = (X, 71, 72).
The following are equivalent:

(i) X is p— [wo,wi]— paracompact,
(ii) Every p—open cover of X has a p—point—wq refinement,

(iii) Every p—open coverU of X with cardinality < w; has a parallel refinement
V such that for Vi,W1 € V N 7;, we have VitUW,? CU for some
U EumTi,i 75(7727] = 1727

(iv) Given a decreasing sequence of a p—closed family F = {Fyx|k € A} with
Miea Fr = ¢, there exists a sequence of p— open family G = {Gi|k € A}
with (yea Gk = ¢, such that F,z C G}; and F,i C Gi, where F,i s a T;,—
closed in F, Gi. € GN1; and Gi egnrj, i #5345 =1,2,

(v) Given a decreasing sequence of a p—closed family F = {Fy|k € A} with
Miea Fr = @, there exists a sequence of p—closed (Gs)— family A =
{Ak‘k S A} with nkeA A = (ZS, and F, C Ay.

Proof. (i) — (i) trivial.

(17) — (1ii) Let U = {Uq|a € A} be a p—open cover of X with |A| < wy, so
by (ii), for all z € X, U has a parallel refinement S such that x meets < wy of
SN,i=1or 2. For each S € S, let U(S) be the first U, containing S.

Let
Go= |J S
U(S)=Ua
clearly G, € 71 UTo, Gy C U,. Let G = {G4|a € A} is a p—point—wy cover of
X which is p—open cover (if necessary add U € U N 13,7 = 1 or 2), finally the
result comes from Lemma 3.2 .
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(1it) — (iv) Let F = {Fy|k € A||A| < w1} be a sequence of p—closed family
such that Iy C Iy, and (\yep Fr = .
Let
Ui =X - F,
and ' ‘
Ul = X — FY,

where F,z is a 1;—closed and F,‘g is a 7j— closed for ¢ # j;i,7 = 1,2. Then
U={Uilke AU {U,f;|k € A} is a p—open cover of X, so by (iii) there exists
Vie, Wi, € VN 75, where V is a parallel refinement with Vj, ' UW, " C U, li, we may
assume that U,i eU N Let

=X -7 and GL=X-W,",

then ‘ '
G — {Gilk € A} U{GJk € A},

is a p—open family and ﬂkeA(G}'c U G’i) = ¢ with V},* C U} and W, C U},
hence X—U}; C X -V, and X—U,i C X —W,"”, so we have F,ﬁ C G}'C and
F C G fori# jii,j=1,2.

(tv) — (v) Let F = {Fj,k € A} be a decreasing sequence of p— closed
subset of X with (,ca Fi = ¢, by (iv) there exists a sequence G = {Gj,, k € A}
of p—open subsets of X with (),cn G = ¢, such that F,g C G}'c and F,g - G{C
where Gi € G N7, Gi € GgNrj, and F,g is 7j— closed in ]-"? 1% j;4,7 =1,2. So
by Urysohn’s lemma there exists a continuous function fi : (X,7;) — (R, 7y)
such that f,g(F,‘g) = {0} and fé(X - Gi) = {1}, and by [5] there exists a
p—continuous function g : (X, 71,72) — (R, 7,7,) such that g,ZC(F,g) = {0} and
ge(X = G}) ={1}.

Let .
and .
Ni _ 7 -
em = 17|gk(z) < m},
then ‘ ‘ '
M} = (M}, = {=|f(z) = 0},
and

Ni = [ Nim = {zlgk(z) = 0}.

Now A = {Mg]k‘ € AYU{Nj|k € A} is a p—closed (Gs—)set with (ycp Ak = ¢
and Fk - Ak.
(v) = (i) Let U = {Uqy|a € A,|A| < w1} be a p—open cover of X .
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Let '
Fi=X-|JWsnm),
BLa
and .
BLa
then ‘
F’L+1 C F(i?
and '
Fl., CFL.
Let ‘ ‘
F=A{F,la € A} U{F!|a € A},
Fo UF, CF,UFY,
and

() Fo=¢

aEA
by (v) there exists a sequence A of p—closed Gs—set with [ ca Ao = ¢, and
F! C A,, FiC A, but X — A, is a Fy—set, let X — A, =J, Bay where each
B is a 7;— closed and the family B = {B,,|o € A} is a p— closed family, since
X is normal p—normal space, we can assume that

BO"Y C inty, (BCV,’Y-H)

and
Boy € intr, (Bay+1),
then
— Ay C | Jintr,(Bay),
(0%
and

X —A,C UintTj(BM),
(0%

Bay CX —Aq CX —(FLUF]) = | Us.
BLa

Let £ € X and U, be the first element in U/ such that = € U,, so we have two
cases:

(i) Uy € 73y let Vi=U, — Ua<7 B and each B is a 7;— closed.

(17) Uy € 74, let Vi = U, — Ua<7 B~ and each B,y is a 7j— closed for
i # Jyi,J =1,2.



p — [a, )]~ PARACOMPACTNESS IN BITOPOLOGICAL SPACES 249

Now in each case for a < =y

Boz'yg Ung UUk,
k<a k<y

Uo— | JUr CVIUVE,
k<vy

hence ‘ A
V={Vyla e A} U{V]|a € A}

is a p—open parallel refinement cover of X. Finally, we need to show that V is
p— locally —wyp, let x € X, there exists o € A such that x ¢ A,, so for some
k,x € intr,(Bax) and x € int,, (Bag)-
Ifv>aand vy >k,
intr, (Bak) € By

and
intTj (Bak) € Bay,
with
intr,(Bak) NV, = ¢,
and

int- (Bak) N VI = ¢.

So int, (Bak) is a 7,— open set contains = and meets < wy of VN 73, intr; (Bak)
is a 7j— open set contains x and meets < wg of VN 7; for i # j;i,5 = 1,2, hence
V is p—locally —wy, therefore X is p — [wp, w1|—paracompact space.

O

4. A product theorem

Theorem 4.1. Let X = (X, 71,72) be a s — [wg, 00]— compact space and Y =
(Y,01,02) is a p— [wo, w1]— paracompact space. Then X xY = (X xY, 1 X 071,
Ty X 09) 18 p — [wo,w1]— paracompact space.

Proof. Let U = {U,|a € A|A| < w1} be a p— open cover of X xY. Let z € X
and Vo = {z € X[z xY ClUgc, Uat, for z € Vo and y € Y with (z,y) €z x Y
there exists a set O, X @, with x € O, € mUm and y € @, € o1 U 09.
Let Q = {Q.|r € X}, then Q is a 779— open cover of Y and hence Q has a
T1T2—open subcover with cardinality < wg, say Qz,, Qzy, - » @z, -
Let
= ﬂ(Om N 7’1)
m
and
Oy = ﬂ(OmﬂTg) for 1<m<n.

m
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Let O =01 UO9, then x € O C 71 U7y and
OxY C UUO“

BLa
and
rXxY COxYC U U,
BLa
and hence V, € mU 7. Now V = {V,|y € [,[I'| <wi h,(if VN7 = ¢, add
Uy € UNT; for some o € Ayi = 1,2). Since for z € X, z x Y is s — [wp, 00]—
compact, so it contains in < wg of U and hence = € V,, so V has a p— locally —wyg
p— open parallel refinement say B. For B € B, let Vg € V be the first V, € V
such that B C Vp and Gy = Uy,,—y, B, then G, € 1 U7 and G = {G,|y € I'}
is a p—locally —wp p— open cover of X. If o < v, let Wyg = (G, x Y) NU,,
and W = {W,gla < ~}. For (z,y) € X xY, x € G, for some v € I" and
(x,y) € Gy xY,alsoz € Gy CVy, (z,y) € X XY C g, Ua, s0 (2,y) € W,
therefore W is a p— open cover of X x Y. Again for (z,y) € X xY, z € K
where K € 7; which meets < wg of GN7j for ¢ # 734,57 = 1,2. Now K x Y meets
<wp of (GN7;)NY, hence W is p— locally—wy p— open parallel refinement of
U, hence X XY is p — [wp, wi]|—paracompact space.
O
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