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Abstract. In this paper, we introduce a new definition of paracompactness in bitopo-
logical spaces, we give a equivalent statements for this notation. Finally a product
theorem is given.
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1. Introduction

In 1963, Kelly [4] introduced the concept of bitopological space. A set X with
two topologies τ1, τ2 is a bitopological space, and denoted by X = (X, τ1, τ2).
A cover U of a bitopological space X = (X, τ1, τ2) is called τ1τ2− open cover
(family) [4], if U ⊆ τ1 ∪ τ2, and it is called p− open cover (family) [4],if it
is τ1τ2− open cover and contains at least one nonempty member of τ1 and one
nonempty member of τ1. A space X = (X, τ1, τ2) is called s− [a, b]−(p− [a, b]−)
compact space [1], if every τ1τ2− (p−) open cover of X with cardinality ≤ b has
a subcover with cardinality < a.

For a τ1τ2− open covers U , V in a bitopological space X = (X, τ1, τ2), U is
called a parallel refinement of V [2], if for each U ∈ U ∩ τi is contained in some
V ∈ V ∩ τi for i = 1, 2.

In this paper the letters a, b are infinite regular cardinals, ω0, ω1 stands for the
cardinality of N,R, respectively. If X = (X, τ1, τ2) is a bitopological space and
A ⊆ X, intτi(A), A

τi denote the interior and the closure of A in τi, respectively
for i = 1, 2. When X = (X, τ1, τ2) has a topological property Q this means that
both τ1 and τ2 have this property. For the concepts not defined here, see [3] and
[5].
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2. Preliminaries

Definition 2.1. A family A of subsets of a bitopological space X = (X, τ1, τ2)
is called p- locally-a family, if for all x ∈ X there exists a τ1− open set U
containing x such that U meets less than a members of A∩ τ2 or there exists a
τ2− open set V containing x such that V meets less than a members of A∩ τ1.

Definition 2.2. A space X = (X, τ1, τ2) is called p − [a, b]− paracompact if
every p− open cover of X with cardinality ≤ b has a p− locally−a p− open
parallel refinement.

Theorem 2.3. Let X = (X, τ1, τ2) be a bitopological spaces. Then X is p −
[a, b]− paracompact if and only if each τj− open cover of a τi− proper closed
subset of X with cardinality ≤ b has τi− locally −a τj− open parallel refinement
for i ̸= j; i, j = 1, 2.

Proof. (⇒) Let F be a τi−closed proper subset of X. Let U = {Uα|α ∈ ∆}
be a τj−open cover of F with |∆| ≤ b. Now {Uα|α ∈ ∆} ∪ {X − F} is p−open
cover of X, but X is p − [a, b]−paracompact, so there exists a p−open parallel
refinement

V = {Vα|α ∈ ∆∗ ⊆ ∆}
∪

{Wγ |γ ∈ Γ}.

Now {Vα|α ∈ ∆∗ ⊆ ∆} is a τi−locally−a τj− open refinement, for i ̸= j; i, j =
1, 2.

(⇐) Let U = {Wα|α ∈ ∆} ∪ {Vγ |γ ∈ Γ} be a p−open cover of X with
|∆ ∪ Γ| ≤ b where Wα ∈ τi for all α ∈ ∆ and Vγ ∈ τj for all γ ∈ Γ, for
i ̸= j; i, j = 1, 2. So we have the following cases:

Case (i) If
∪

γ∈Γ Vγ = X, then take α0 ∈ ∆ such that Wα0 ̸= ϕ. Consider
the set F = X−Wα0 , then F is a proper τi− closed subset of X and {Vγ |γ ∈ Γ}
is a τj− open cover of F with |∆| ≤ b, then F has a τj− open τi- locally a−
refinement

V∗ = {V ∗
λ |λ ∈ Λ}.

Finally the family
U∗ = V∗ ∪ {Wα0}

is the required p− locally −a p− open parallel refinement.
Case (ii) If

∪
γ∈Γ Vγ ̸= X, then

E1 = X −
∪
γ∈Γ

Vγ

is a τj− closed subset of X, and

E1 ⊆
∪
α∈∆

Wα,

so {Wα|α ∈ ∆} has τi− open τj− locally −a parallel refinement

W∗ = {W ∗
λ |λ ∈ Λ},
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if
∪

λ∈ΛW ∗
λ = X, we are done. if not let

E2 = X −
∪
λ∈Λ

W ∗
λ ,

then E2 is τi− closed and hence there exists a τj− open τi− locally−a refinement

V∗ = {V ∗
ω |ω ∈ Ω}.

Finally the family
U∗ = V∗ ∪W∗

is p- locally −a p− open parallel refinement, hence the result.

Theorem 2.4. Every p − [ω0,∞]− paracompact p − T2− bitopological space
X = (X, τ1, τ2) is p− T4.

Proof. Let E and F be disjoint closed sets such that E is a τ2−closed and F is
a τ1− closed . Let e ∈ E, since X is p− T2− space, for each f ∈ F there exists
a τ1− open set Uf and a τ2− open set Vf such that e ∈ Uf and f ∈ Vf with
Uf ∩ Vf = ϕ.

Let
V = {Vf |f ∈ F}

∪
{X − F},

then V is a p− open cover of X, and hence there exists a p− locally −ω0 p−
open parallel refinement V∗ such that if V ∈ V∗ and V ∩ F ̸= ϕ, so we have
V ∈ τ2. Now let

Ve =
∪

{V |V ∈ V∗ and V ∩ F ̸= ϕ},

then Ve is τ2− open and F ⊆ Ve. Let U be a τ1− open set containing e
that intersects < ω0 of V∗ say V1, V2, ..., Vn and Vk ⊆ Vfk , 1 ≤ k ≤ n. Let
Ue = U ∩Uf1 ∩Uf2 ∩ . . .∩Ufn . Now e ∈ Ue and F ⊆ Ve with Ue ∩Ve = ϕ, hence
X is p− T3 .

Now let
U = {Ue|e ∈ E} ∪ {X −E},

then U is a p− open cover of X, so there exists a p− locally −ω0 p−open parallel
refinement U∗, notice that if U∗ ∈ U∗ and U∗ ∩ E ̸= ϕ, then U∗ ∈ τ1. Let

W =
∪

{U∗|U∗ ∈ U∗ and U∗ ∩ E ̸= ϕ},

then W is a τ1− open and E ⊆ W , now for each f ∈ F there exists τ2− open
set U∗

f that intersects < ω0 of U∗ say U∗
1 , U

∗
2 , . . . , U

∗
m . Now let Ues ∈ U∗ with

U∗
s ⊆ Ues for s = 1, 2, . . . ,m and let Uf = U∗

f ∩ V e1 ∩ V e2 ∩ . . . ∩ V em, let
V =

∪
{Uf |f ∈ F}. Then V ∈ τ2, F ⊆ V and W ∩ F = ϕ, hence X is p− T4 .
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3. p− [ω0, ω1]-paracompact space

Definition 3.1. A family A of subsets of a bitopological space X = (X, τ1, τ2)
is called p−point−a family if for all x ∈ X, x meets < a of A ∩ τi, i = 1 or 2.

Lemma 3.2. If X = (X, τ1, τ2) is normal, p− normal space, then for each
p−open p−point−ω0 cover G with |G| < ω1 has a parallel refinement V such that
V1

τi ∪W1
τj ⊆ G where V1,W1 ∈ V ∩ τi for some G ∈ G ∩ τi,i ̸= j; i, j = 1, 2.

Proof. Let G = {Gk|k ∈ ∆, |∆| < ω1} be a p−open p−point−ω0 of X, write
∆ = {1, 2, . . .}.

Let

F i
1 = X −

∪
k>1

(Gk ∩ τi),

and

F j
1 = X −

∪
k>1

(Gk ∩ τj),

then F i
1 is a τi− closed and F j

1 is a τj−closed for i ̸= j; i, j = 1, 2. Now let

F1 = F i
1 ∪ F j

1 ,

then

F i
1 ⊆ F1 ⊆ G1

and

F j
1 ⊆ F1 ⊆ G1.

Without loss of generality assume that G1 is a τi−open, since X is normal and
by [6], there exists τi−open sets V i

1 ,W
i
1 such that

F i
1 ⊆ V i

1 ⊆ V i
1

τi ⊆ G1

and

F j
1 ⊆ W i

1 ⊆ W i
1

τj ⊆ G1,

so

F1 ⊆ V i
1

τi ∪W i
1

τj ⊆ G1, for i ̸= j; i, j = 1, 2.

Let

V1 = V i
1 ∪W i

1

and

F i
α = X −

( ∪
β<α

Vβ

)
∪
( ∪
γ>α

(Gγ ∩ τi)
)
,

F j
α = X −

( ∪
β<α

intτj (Vβ)
)
∪
( ∪
γ>α

(Gγ ∩ τj)
)
, i ̸= j; i, j = 1, 2,
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and Fα = F i
α ∪F j

α. Again without loss of generality assume Gα is a τi−open, so

F i
α ∪ F j

α ⊆ Gα

and hence there exists τi− open sets V i
α,W

i
α such that

F i
α ⊆ V i

α ⊆ V i
α

τi ⊆ Gα,

F j
α ⊆ W i

α ⊆ W i
α

τj ⊆ Gα,

and
Fα ⊆ V i

α

τi ∪W i
α

τj ⊆ Gα, i ̸= j; i, j = 1, 2.

Let Vα = V i
α ∪ W i

α,then V = {Vα|α ∈ ∆} is a p−open p−point−ω0 parallel
refinement of X. For instance, let x ∈ X x meets < ω0 of G ∩ τi for i = 1, 2 say
Gi

α1
, Gi

α2
, . . . , Gi

αn
, let α = max{α1, α2, . . . , αn}. Now x /∈ Gα for any γ > α

and if x /∈ Vβ for any β < α, Vβ ∈ τi, x ∈ Fα ⊆ Vα, hence x ∈ Vβ for some
β ≤ α, therefore V is a p−point−ω0 parallel refinement of X.

Theorem 3.3. For a normal, p−normal bitopological space X = (X, τ1, τ2).
The following are equivalent:

(i) X is p− [ω0, ω1]− paracompact,

(ii) Every p−open cover of X has a p−point−ω0 refinement,

(iii) Every p−open cover U of X with cardinality < ω1 has a parallel refinement
V such that for V1,W1 ∈ V ∩ τi, we have V1

τi ∪ W1
τj ⊆ U for some

U ∈ U ∩ τi,i ̸= j; i, j = 1, 2,

(iv) Given a decreasing sequence of a p−closed family F = {Fk|k ∈ ∆} with∩
k∈∆ Fk = ϕ, there exists a sequence of p− open family G = {Gk|k ∈ ∆}

with
∩

k∈∆Gk = ϕ, such that F i
k ⊆ Gi

k and F i
k ⊆ Gj

k, where F i
k is a τi−

closed in F , Gi
k ∈ G ∩ τi and Gj

k ∈ G ∩ τj, i ̸= j; i, j = 1, 2,

(v) Given a decreasing sequence of a p−closed family F = {Fk|k ∈ ∆} with∩
k∈∆ Fk = ϕ, there exists a sequence of p−closed (Gδ)− family A =

{Ak|k ∈ ∆} with
∩

k∈∆Ak = ϕ, and Fk ⊆ Ak.

Proof. (i) → (ii) trivial.
(ii) → (iii) Let U = {Uα|α ∈ ∆} be a p−open cover of X with |∆| < ω1, so

by (ii), for all x ∈ X, U has a parallel refinement S such that x meets < ω0 of
S ∩ τi, i = 1 or 2. For each S ∈ S, let U(S) be the first Uα containing S.

Let
Gα =

∪
U(S)=Uα

S,

clearly Gα ∈ τ1 ∪ τ2, Gα ⊆ Uα. Let G = {Gα|α ∈ ∆} is a p−point−ω0 cover of
X which is p−open cover (if necessary add U ∈ U ∩ τi, i = 1 or 2), finally the
result comes from Lemma 3.2 .
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(iii) → (iv) Let F = {Fk|k ∈ ∆||∆| < ω1} be a sequence of p−closed family
such that Fk+1 ⊆ Fk, and

∩
k∈∆ Fk = ϕ.

Let

U i
k = X − F i

k,

and

U j
k = X − F j

k ,

where F i
k is a τi−closed and F j

k is a τj− closed for i ̸= j; i, j = 1, 2. Then

U = {U i
k|k ∈ ∆} ∪ {U j

k |k ∈ ∆} is a p−open cover of X, so by (iii) there exists
Vk,Wk ∈ V ∩ τi, where V is a parallel refinement with Vk

τi ∪Wk
τj ⊆ U i

k, we may
assume that U i

k ∈ U ∩ τi. Let

Gi
k = X − Vk

τi and Gj
k = X −Wk

τj ,

then

G = {Gi
k|k ∈ ∆} ∪ {Gj

k|k ∈ ∆},

is a p−open family and
∩

k∈∆(G
i
k ∪ Gj

k) = ϕ with Vk
τi ⊆ U i

k and Wk
τi ⊆ U i

k,

hence X − U i
k ⊆ X − Vk

τi and X − U i
k ⊆ X −Wk

τj , so we have F i
k ⊆ Gi

k and

F i
k ⊆ Gj

k for i ̸= j; i, j = 1, 2.

(iv) → (v) Let F = {Fk, k ∈ ∆} be a decreasing sequence of p− closed
subset of X with

∩
k∈∆ Fk = ϕ, by (iv) there exists a sequence G = {Gk, k ∈ ∆}

of p−open subsets of X with
∩

k∈∆Gk = ϕ, such that F j
k ⊆ Gi

k and F j
k ⊆ Gj

k

where Gi
k ∈ G ∩ τi, G

j
k ∈ G ∩ τj , and F j

k is τj− closed in F , i ̸= j; i, j = 1, 2. So

by Urysohn’s lemma there exists a continuous function f j
k : (X, τj) → (R, τu)

such that f j
k(F

j
k ) = {0} and f j

k(X − Gj
k) = {1}, and by [5] there exists a

p−continuous function gik : (X, τ1, τ2) → (R, τl, τr) such that gik(F
j
k ) = {0} and

gik(X −Gi
k) = {1}.

Let

M j
km = {x|f j

k(x) <
1

m
},

and

N i
km = {x|gik(x) <

1

m
},

then

M j
k =

∩
m

M j
km = {x|f j

k(x) = 0},

and

N i
k =

∩
m

N i
km = {x|gik(x) = 0}.

Now A = {M j
k |k ∈ ∆}∪ {N i

k|k ∈ ∆} is a p−closed (Gδ−)set with
∩

k∈∆Ak = ϕ
and Fk ⊆ Ak.

(v) → (i) Let U = {Uα|α ∈ ∆, |∆| < ω1} be a p−open cover of X .
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Let
F i
α = X −

∪
β≤α

(Uβ ∩ τi),

and
F j
α = X −

∪
β≤α

(Uβ ∩ τj),

then
F i
α+1 ⊆ F i

α,

and
F j
α+1 ⊆ F j

α.

Let
F = {F i

α|α ∈ ∆} ∪ {F j
α|α ∈ ∆},

then
F i
α+1 ∪ F j

α+1 ⊆ F i
α ∪ F j

α,

and ∩
α∈∆

Fα = ϕ,

by (v) there exists a sequence A of p−closed Gδ−set with
∩

α∈∆Aα = ϕ, and

F i
α ⊆ Aα, F

j
α ⊆ Aα, but X −Aα is a Fα−set, let X −Aα =

∪
αBαγ where each

Bαγ is a τi− closed and the family B = {Bαγ |α ∈ ∆} is a p− closed family, since
X is normal p−normal space, we can assume that

Bαγ ⊆ intτi(Bα,γ+1)

and
Bαγ ⊆ intτj (Bα,γ+1),

then
X −Aα ⊆

∪
α

intτi(Bαγ),

and
X −Aα ⊆

∪
α

intτj (Bαγ),

Bαγ ⊆ X −Aα ⊆ X − (F i
α ∪ F j

α) =
∪
β≤α

Uβ.

Let x ∈ X and Uα be the first element in U such that x ∈ Uα, so we have two
cases:

(i) Uα ∈ τi, let V
i
α = Uα −

∪
α<γ Bαγ and each Bαγ is a τi− closed.

(ii) Uα ∈ τj , let V j
α = Uα −

∪
α<γ Bαγ and each Bαγ is a τj− closed for

i ̸= j; i, j = 1, 2.
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Now in each case for α < γ

Bαγ ⊆
∪
k<α

Uk ⊆
∪
k<γ

Uk,

Uα −
∪
k<γ

Uk ⊆ V i
γ ∪ V j

γ ,

hence

V = {V i
α|α ∈ ∆} ∪ {V j

α |α ∈ ∆}

is a p−open parallel refinement cover of X. Finally, we need to show that V is
p− locally −ω0, let x ∈ X, there exists α ∈ ∆ such that x /∈ Aα, so for some
k, x ∈ intτi(Bαk) and x ∈ intτj (Bαk).

If γ > α and γ > k,

intτi(Bαk) ⊆ Bαγ

and

intτj (Bαk) ⊆ Bαγ ,

with

intτi(Bαk) ∩ V i
α = ϕ,

and

intτj (Bαk) ∩ V j
α = ϕ.

So intτi(Bαk) is a τi− open set contains x and meets < ω0 of V ∩ τi, intτj (Bαk)
is a τj− open set contains x and meets < ω0 of V ∩ τj for i ̸= j; i, j = 1, 2, hence
V is p−locally −ω0, therefore X is p− [ω0, ω1]−paracompact space.

4. A product theorem

Theorem 4.1. Let X = (X, τ1, τ2) be a s − [w0,∞]− compact space and Y =
(Y, σ1, σ2) is a p− [ω0, ω1]− paracompact space. Then X ×Y = (X ×Y, τ1×σ1,
τ2 × σ2) is p− [ω0, ω1]− paracompact space.

Proof. Let U = {Uα|α ∈ ∆ |∆| < ω1} be a p− open cover of X×Y . Let x ∈ X
and Vα = {x ∈ X|x× Y ⊆

∪
β≤α Uα}, for x ∈ Vα and y ∈ Y with (x, y) ∈ x× Y

there exists a set Ox × Qx with x ∈ Ox ∈ τ1 ∪ τ2 and y ∈ Qx ∈ σ1 ∪ σ2.
Let Q = {Qx|x ∈ X}, then Q is a τ1τ2− open cover of Y and hence Q has a
τ1τ2−open subcover with cardinality < ω0, say Qx1 , Qx2 , · · · , Qxn .

Let

O1 =
∩
m

(Om ∩ τ1)

and

O2 =
∩
m

(Om ∩ τ2) for 1 ≤ m ≤ n.
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Let O = O1 ∪O2, then x ∈ O ⊆ τ1 ∪ τ1 and

O × Y ⊆
∪
β≤α

Uα,

and
x× Y ⊆ O × Y ⊆

∪
β≤α

Uα

and hence Vα ∈ τ1 ∪ τ1. Now V = {Vγ |γ ∈ Γ, |Γ| < ω1},( if V ∩ τi = ϕ, add
Uα ∈ U ∩ τi for some α ∈ ∆, i = 1, 2). Since for x ∈ X, x × Y is s − [ω0,∞]−
compact, so it contains in < ω0 of U and hence x ∈ Vα, so V has a p− locally −ω0

p− open parallel refinement say B. For B ∈ B, let VB ∈ V be the first Vγ ∈ V
such that B ⊆ VB and Gγ =

∪
VB=Vγ

B, then Gγ ∈ τ1 ∪ τ2 and G = {Gγ |γ ∈ Γ}
is a p−locally −ω0 p− open cover of X. If α ≤ γ, let Wγβ = (Gγ × Y ) ∩ Uα,
and W = {Wγβ |α ≤ γ}. For (x, y) ∈ X × Y , x ∈ Gγ for some γ ∈ Γ and
(x, y) ∈ Gγ × Y , also x ∈ Gγ ⊆ Vγ , (x, y) ∈ X × Y ⊆

∪
β≤α Uα, so (x, y) ∈ Wγβ ,

therefore W is a p− open cover of X × Y . Again for (x, y) ∈ X × Y , x ∈ K
where K ∈ τi which meets < ω0 of G ∩ τj for i ̸= j; i, j = 1, 2. Now K×Y meets
< ω0 of (G ∩ τj) ∩ Y, hence W is p− locally−ω0 p− open parallel refinement of
U , hence X × Y is p− [ω0, ω1]−paracompact space.
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